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Abstract In this paper, a reliable algorithm based on new homotopy perturbation transform method
(HPTM) is proposed to solve a nonlinear differential-difference equation arising in nanotechnology.
Continuum hypothesis on nanoscales is invalid, and a differential-difference model is considered as an
alternative approach to describing discontinued problems. The HPTM is a combined form of Laplace
transform, homotopy perturbation method and He’s polynomials. The technique finds the solution
without any discretization or restrictive assumptions and avoids the round-off errors. The numerical
solutions show that the proposedmethod is very efficient and computationally attractive. It providesmore
realistic series solutions that converge very rapidly for nonlinear real physical problems.
© 2013 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
There exists a wide class of literature dealing with the
problems of approximate solutions to nonlinear equations with
various different methodologies, called perturbation methods.
But, perturbation methods have some limitations e.g., the
approximate solution involves series of small parameterswhich
poses difficulty since the majority of nonlinear problems
have no small parameters at all. Although appropriate choices
of small parameters sometime lead to ideal solutions in
most cases, unsuitable choices lead to serious effects in the
solutions. Therefore, an analytical method is welcome which
does not require a small parameter in the equation modeling
the phenomenon. The homotopy perturbation method (HPM)
was first introduced by He [1]. The HPM was also used by
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doi:10.1016/j.scient.2013.02.017many researchers to investigate various linear and nonlinear
equations arising in physics and engineering [2–12]. A multi-
step differential transform method (MSDTM) was used by
Gökdoğan et al. [13] to solve a fractional order model of the HIV
infection of CD4+ T cells. Many authors found the variational
iteration method (VIM) an effective way of solving linear and
non-linear differential equations [14,15]. He’s energy balance
method (HEBM) was applied to solve nonlinear oscillations of
a punctual charge in the electric field of a charged ring [16]
and a generalized nonlinear oscillator [17]. In recent years,
many authors have paid attention to studying the solutions
of linear and nonlinear partial differential equations using
various methods combined with the Laplace transform. Among
these are the Laplace decomposition method [18–21] and the
homotopy perturbation transform method [22–26].
According to E-infinity theory [27–29], space at the quantum
scale is not a continuum, and it is clear that nanotechnology
possesses a considerable richness which bridges the gap
between the discrete and the continuum [30–32]. On nano-
scales, He et al. [33] found experimentally an uncertainty
phenomenon similar to Heisenberg’s uncertainty principle
in quantum mechanics. Therefore, continuum hypothesis
on nanoscale becomes invalid. He and Zhu [34] suggested
some differential–difference models describing fascinating
phenomena arising in heat/electron conduction and flow in
evier B.V. Open access under CC BY-NC-ND license.
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following model:
dun
dt
= (un+1 − un−1)
m
k=1
(αk + βk(un)k), (1)
where αk and βk are constants. Physical interpretation is given
in Ref. [34]. Eq. (1) includes the well-known discretized mKDV
lattice equation [35]:
dun
dt
= (α − u2n)(un+1 − un−1), (2)
where the subscript n in Eq. (1) represents the nth lattice.
Previously such equations have been studied using the Exp-
functionmethod [36–38], the variational iterationmethod [39],
homotopy perturbation method [40] and the homotopy analy-
sis method [41].
The objective of the present paper is to extend the
application of the HPTM to obtain an analytic solution of
Eq. (2). The HPTM is a combination of the Laplace transform
method, HPM and He’s polynomials. The advantage of this
technique is its capability of combining two powerful methods
for obtaining exact and approximate analytical solutions for
nonlinear equations. The fact that the HPTM solves nonlinear
problems without using Adomian’s polynomials is a clear
advantage of this technique over the decomposition method.
The HPTM provides the solutions in terms of convergent series
with easily computable components in a direct way without
using linearization, perturbation or restrictive assumptions. It
is worth mentioning that the proposed approach is capable
of reducing the volume of computational work compared to
classical methods while still maintaining the high accuracy
in the numerical result; the size reduction amounts to an
improvement of the performance of the approach.
The plan of our paper is as follows: The HPTM is presented
in Section 2. Section 3 contains application of the considered
method. In Section 3, numerical results and discussion are
given. The conclusions are presented in the last Section.
2. Basic idea of HPTM
Weconsider a general nonlinear partial differential equation
with the initial conditions of the form:
Du(x, t)+ Ru(x, t)+ Nu(x, t) = g(x, t), (3)
u(x, 0) = h(x), ut(x, 0) = f (x), (4)
where D is the second order linear differential operator D =
∂2/∂t2, R is the linear differential operator of less order than
D,N represents the general nonlinear differential operator
and g(x, t) is the source term. Taking the Laplace transform
(denoted in this paper by L) on both sides of Eq. (3), we get
L[Du(x, t)] + L[Ru(x, t)] + L[Nu(x, t)] = L[g(x, t)]. (5)
Using the differentiation property of the Laplace transform,
we have
L [u(x, t)] = h(x)
s
+ f (x)
s2
+ 1
s2
L[g(x, t)]
− 1
s2
L[Ru(x, t)+ Nu(x, t)]. (6)
Operating with the Laplace inverse on both sides of Eq. (6)
gives
u(x, t) = G(x, t)− L−1

1
s2
L [Ru(x, t)+ Nu(x, t)]

, (7)where G(x, t) represents the term arising from the source
term and the prescribed initial conditions. Now, we apply the
homotopy perturbation method
u(x, t) =
∞
m=0
pmum(x, t) (8)
and the nonlinear term can be decomposed as
Nu(x, t) =
∞
m=0
pmHm(u), (9)
for some He’s polynomials Hm(u) [42,43] that are given by
Hm(u0, u1, . . . , um) = 1m!
∂m
∂pm

N
 ∞
i=0
piui

p=0
,
m = 0, 1, 2, 3 . . . . (10)
Substituting Eqs. (8) and (9) in Eq. (7), we get
∞
m=0
pmum(x, t) = G(x, t)
− p

L−1

1
s2
L

R
∞
m=0
pmum(x, t)
+
∞
m=0
pmHm(u)

, (11)
which is the coupling of the Laplace transform and the homo-
topy perturbation method using He’s polynomials. Comparing
the coefficient of like powers of p, the following approximations
are obtained.
p0 : u0(x, t) = G(x, t),
p1 : u1(x, t) = −L−1

1
s2
L [Ru0(x, t)+ H0(u)]

,
p2 : u2(x, t) = −L−1

1
s2
L [Ru1(x, t)+ H1(u)]

, (12)
p3 : u3(x, t) = −L−1

1
s2
L [Ru2(x, t)+ H2(u)]

,
...
3. Application
In this section, we apply the HPTM to solve Eq. (2), subject
to the initial condition
un0(n, 0) = √α tanh(d) tanh(nd), (13)
where d is an arbitrary constant, that was given in [40].
Applying the Laplace transform on both sides of Eq. (2)
subject to the initial condition (13), we have
L[un] = 1s
√
α tanh(d) tanh(nd)
+ 1
s
L

(α − u2n)(un+1 − un−1)

. (14)
The inverse of Laplace transform implies that
un(n, t) = √α tanh(d) tanh(nd)
+ L−1

1
s
L

(α − u2n)(un+1 − un−1)

. (15)
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∞
m=0
pmunm(n, t) = √α tanh(d) tanh(nd)
+ p

L−1

1
s
L

α −
∞
m=0
pmHm

×
 ∞
m=0
pmu(n+1)m −
∞
m=0
pmu(n−1)m

, (16)
where Hm are He’s polynomials [42,43] that present the
nonlinear terms. The first few components of He’s polynomials,
are given by
H0 = u2n0,
H1 = 2un0un1, (17)
....
Comparing the coefficients of like powers of p, we have
p0 : un0(n, t) = √α tanh(d) tanh(nd),
p1 : un1(n, t)
= L−1

1
s
L

(α − H0)(u(n+1)0 − u(n−1)0)

= [α − α tanh(d)2 tanh(nd)2]
× [√α tanh(d)(tanh((n+ 1)d))− tanh((n− 1)d)]t, (18)
p2 : un2(n, t) = L−1

1
s
L

(α − H1)(u(n+1)1 − u(n−1)1)

=

α
2
− 2√α tanh(d) tanh(nd)
×[α − α tanh(d)2 tanh(nd)2][√α tanh(d)
× (tanh((n+ 1)d)− tanh((n− 1)d))] t
3

× ([α − α tanh(d)2 tanh((n+ 1)d)2]
× [√α tanh(d)(tanh((n+ 2)d)− tanh(nd))]
− [α − α tanh(d)2 tanh((n− 1)d)2]
× [√α tanh(d)(tanh(nd)− tanh((n− 2)d))])t2,
....
Therefore, the approximate solution is
un(n, t) = un0(n, t)+ un1(n, t)+ un2(n, t)+ · · · . (19)
4. Numerical results and discussion
In this section, we calculate the numerical results of un(n, t)
for α = 1, d = 0.1 and t = 1. In Table 1, we have presented
approximate solutions obtained by using HPM [40], HPTM and
the exact solution. The comparison between HPTM and the
exact solution is performed in Figure 1. A very good agreement
is achieved between the results obtained by the presentmethod
and the exact solution for different values of n.
5. Conclusions
In this paper, the HPTM has been successfully applied
for solving discontinued problems arising in nanotechnology.
The result shows that the HPTM is a powerful and efficient
technique in finding exact and approximate solutions forTable 1: The results of the HPM [40], HPTM and the exact solution, when
α = 1, d = 0.1 and t = 1.
n HPM [40] HPTM Exact solution
−15 −0.08597636659 −0.08597195189 −0.08590324656
−5 −0.02899431132 −0.029900117082 −0.02909509651
−4 −0.01958193014 −0.01958995883 −0.01973559643
−3 −0.009797356980 −0.009805343459 −0.009999228009
3 0.04616017532 0.04616963506 0.04600622678
4 0.05358059812 0.05359082068 0.05347954390
5 0.06024368408 0.06025328926 0.06019410003
15 0.09315671550 0.09315286372 0.09322206784
Figure 1: The comparison of the HPTM and exact solution.
nonlinear differential equations. Also, it can be observed that
there is good agreement between the results obtained using the
present method and the exact solution. The HPTM requires less
computational work compared to other analytical methods. In
conclusion, the HPTM may be considered a nice refinement in
existing numerical techniques and may find wide applications.
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